• A submitted manuscript is the version of the article upon submission and before peer-review. There can be important differences between the submitted version and the official published version of record. People interested in the research are advised to contact the author for the final version of the publication, or visit the DOI to the publisher's website.
Introduction 1
All matter is heterogeneous at some scale, but for modeling at engineering scales it is convenient 2 to replace it by an equivalent homogeneous material. Some of the well-known examples are metal 3 alloys, concrete, foams, fibrous composites and filled polymers. The distinct phases (or orienta- homogenization, including asymptotic homogenization in its most common, "zeroth-order" form.
37
A number of methods have been suggested in the literature to alleviate the above restriction 38 on the separation of scales. They generally result in some form of nonlocality of the macroscopic,
39
homogenized equations, either in integral form or as a result of higher-order gradients of the field 40 variables. At the same time, and as a consequence, the microstructural length scale l appears as 41 an intrinsic length scale in the macroscopic equations. The response of such theories is thus scale-macroscopic strain and tensors characteristic of the microstructure, which result in nonlocal effects.
48
Fish and Chen [17] studied higher-order homogenization of one-dimensional initial and boundary
49
value problems with oscillatory coefficients. Smyshlyaev and Cherednichenko [18] proposed an ex-50 tension of the classical asymptotic homogenization to provide a rigorous link between the spatial 51 scale of the heterogeneity and the intrinsic length scale of a higher-order continuum. Higher-order 52 homogenized equations were rigorously derived for an infinitely extended periodic elastic medium
Problem description

98
The problem which we consider fits in the class of problems considered by Smyshlyaev and 99 Cherednichecko [18] : an infinite, periodic heterogenous linear elastic medium in two dimensions 100 which is loaded by a periodic body force in anti-plane shear -see Figure 1 for a sketch of the 101 problem. The period of the microstructure gives us the microstructural length scale l and the 102 period of the body force, L, is identified as the macroscopic length scale; we hence generally expect 103 that l < L. If in addition we assume L to be a multiple of l, i.e. L/l ∈ N, our analysis can be 104 limited to a single period of the macro-problem. Figure 1 : Sketch of one period of the infinite two-dimensional problem considered: an out-of-plane periodic body force, with period L, is applied to a two-dimensional periodic microstructure with period l, resulting in anti-plane shear displacement. In the particular case shown, the scale ratio equals L/l = 10.
105
The microstructure considered here is inspired by a two-phase composite consisting of isotropic 106 stiff particles embedded in a softer, isotropic matrix. However, the stiffness distribution is regular-107 ized to be smooth in order to allow us to solve the problem on a regular computational grid. The 108 data and results are non-dimensionalized. 
Governing equation
110
The partial differential equation which governs equilibrium of the material can be written as
In this equation, x = (x 1 , x 2 ) denotes Cartesian coordinates in the plane of the problem; they have 112 been normalized by the period L of the body force F . This implies that we can limit our analysis to the microstructure relative to the applied body force. This vector for now is arbitrary, but it will be 121 used below, in Section 2.4, to define the family of problems that needs to be considered to arrive at 122 the homogenized solution. The gradient operator ∇ = (∂/∂x 1 , ∂/∂x 2 ) implies differentiation with 123 respect to the normalized coordinates x; ∇· denotes the divergence. The solution of (1) u(x) is expected to reflect both influences and hence to have a "slow" variation induced by the 131 body force and a superimposed "fast" variation due to the microstructure. We will refer to the 132 ratio (L/l) as the scale ratio. 
Microstructure considered
134
The microstructural stiffness distribution is inspired by a particle-reinforced matrix, where the 135 matrix has shear modulus G m and the particle G p . Unless indicated otherwise, the particle is 
where
is the radial distance of the material point from the centre of the particle and a and b represent 142 the radial distances from the centre of the particle to the inner and outer interphase boundaries 143 respectively, such that the thickness of the interphase is given by b − a. The applied, non-dimensionalized, out-of-plane body force is taken to be 151 F (x) = sin 2πx 1 sin 2πx 2 (4) It is instructive to observe that for a homogeneous medium with (normalized) shear modulus 152 G(y) ≡ 1, the solution to the governing equation (1) reads, for any value of the translation ζ,
Note that the normalizations adopted so far imply that u is normalized by written as
where u (ζ) (x) denotes the solution of Equation (1) for a given translation vector ζ. translations of the microstructure and averaging these numerical solutions in accordance with (6).
179
The process is repeated for a range of scale ratios L/l. This "brute force" computation of reference used to discretize the governing partial differential equation (1), resulting in
for i, j = 1, 2, . . . n. In this equation u ij denotes the numerical approximation of u(x) in grid 201 point x ij = (ih, jh), the shear moduli G ij are computed taking into account the translation vector
, and for scale ratios equal to (a) L/l = 10, (b) L/l = 3 and (c) L/l = 1. The ensemble averaged solutions are also shown as dark curves.
233
We observe in Figure 5 that the ensemble averaged, homogenized solutions are similar between : Amplitude (infinity norm) of the numerically determined homogenized solutions as a function of scale ratio L/l, for the reference case of a circular particle with Gp/Gm = 20, the same microstructure but with stiffness contrast Gp/Gm = 5 and a rectangular particle with Gp/Gm = 5.
250
To make the trends more visible in Figure 6 , some data points have been included at non-integer 251 scale ratios. For these ratios the macroscopic problem size has been extended to more than one 252 period of the body force to accommodate an integer number of microstructural periodic cells in 253 each direction. For example, the computations for L/l = 1.5 were done on a domain (0, 2) × (0, 2) 254 containing 3 × 3 particles.
255
Let us first consider the result for the reference case of a circular particle with stiffness contrast the material effectively behaves as a homogeneous medium. This is the limit which conventional 261 homogenization methods are generally based on. As a result, they deliver homogenized material 262 models (and properties) which are scale-independent, i.e. which are uninformed about the scale of 263 the microstructure, because the role of that very scale is neglected in setting up the homogenization.
264
The diagram shows that, for the linear elastic system studied here, this may be quite an acceptable 265 assumption for scale ratios as low as L/l = 8 -depending, of course, on the desired accuracy.
266
As the scale ratio is reduced below 8, the homogenized response starts to become scale- by conventional, scale-independent, homogenization methods.
273
The data for circular, but softer particles, with G p /G m = 5, confirms the trend, but shows that 274 its magnitude depends on the stiffness contrast. For this reduced contrast, the peak displacement 275 at L/l = 2 is only 3.5% lower than that at L/l = 10. At the same time the curve has shifted 276 upward, closer to the level which would be obtained for the homogeneous matrix, because the 277 softer particles result in an overall softer material and hence in a larger displacement amplitude.
278
The microstructure with rectangular particles shows a similar trend too. The smallest peak 279 displacement is in this case found at L/l = 2.5. It is less than 2% smaller than the value at L/l = 280 10. Because of the smaller volume fraction of particles, the amplitude ||ū|| ∞ of the homogenized 281 displacements for this case is even larger than that for the same contrast but circular particles.
282
The magnitude of the trends observed here and the scale ratios at which they occur, match conclude that conventional homogenization, based on only the leading-order term, is accurate 286 within 5% for scale ratios larger than 2. Based on the full, numerically computed reference solutions 287 employed here we find a deviation which is about twice as large (10%) at L/l = 2 for the larger 288 stiffness contrast (of 20), whereas at a contrast of 5 the error is indeed within 5%.
289
We wish to emphasize that, although these effects may be quite small -perhaps too small to be 290 practically significant -in the elastic regime, one expects them to be more prominent for non-linear and boundary conditions. However, the microstructure of the full-scale problem is replaced by a 305 homogenous medium which has the effective properties obtained from the microscale problems.
306
Solving the macroscale problems results in an estimate of the homogenized solution of the full-307 scale problem, i.e. of the "average", slowly varying part of its solution. slow variation, at scale unity, this suggests searching for a solution of (1) in the form of a series
where the functions u k (x, y) are periodic with period 1 in x 1 and x 2 , as well as in y 1 and y 2 .
330
The substitution of x/η for the second argument of each u k in (8) introduces fast displacement 331 fluctuations, at the microscale η, while the dependence on x via the first argument is slow, at scale 332 unity.
333
The method proceeds by substituting (8) in (1) while taking account of the fact that the 334 gradient operator (as well as the divergence) acts on both arguments of u k (x, y) according to the
where ∇ x implies differentiation with respect to the first argument x of u k and ∇ y with respect 337 to the second argument y. One subsequently collects terms of equal order of the small parameter 338 η and requires each of these terms to vanish for independent x and y. Hence, a hierarchy of 339 problems results, which need to be solved sequentially to compute the unknowns u k . Details of 340 this development are omitted here for conciseness; we refer the reader to References [5, 18] for the 341 derivation of the formal asymptotics as well as its justification, including error bounds.
342
The procedure as outlined above allows one to establish that the series expansion (8), for a
343
given microstructure translation ζ, should actually be of the following double-series form:
The leading-order term in (10) is a slowly varying function v(x), which itself is given in terms 
353
The microfluctuation functions N p (y) are defined as the Q-periodic, zero-average functions 354 which satisfy the following set of partial differential equations defined on the microstructural unit 355 cell Q:
where I denotes the second-order identity tensor and the constant, (p + 2) th -order tensorsC p are 357 defined as
Note that each of the problems (12)-(14) requires the solutions of the two previous problems.
359
These problems must thus be solved sequentially, for increasing p.
360
The slow functions v q (x) which contribute to v(x) are the solutions to the macroscopic partial
etc. For the double-periodic composite problem considered throughout this paper, they must 363 furthermore be periodic, at the slow scale of unity, and have average zero. These problems, too, implies that in order to solve for the macroscopic field v q , allC p with p ≤ q must be known, which 368 in turn implies that q + 1 micro-problems need to have been solved first.
369
The asymptotic expression (10)-(11) still contains the complete, full-scale detail of the displace-370 ment field. In order to obtain only the coarse-scale, overall response, we call upon the very same 
375
In order to be of any practical use, the series (11) defining the homogenized solution, or, equiv-376 alently, the double series (10)-(11) defining the underlying full-scale solution, must be truncated.
377
Conventional periodic homogenization truncates (10) after the second and (11) after the first term. which is independent of η, such that
In this contribution we are specifically interested in the case of small scale separation, for which 387 one would typically have η < 1, but not necessarily η 1. In such cases the higher-order terms 388 may cease to be negligible and the zeroth-order approximation may no longer be accurate, i.e. the 
To determine this higher-order approximation ofū, one needs to solve K + 1 macro-problems 
Note, finally, that the higher-order homogenized solutions v (K) thus computed (for K > 0) are 397 scale-dependent: they depend on the scale ratio via η = l/L appearing in (21). This is not true 398 for the conventional, zeroth-order homogenized solution v (0) = v 0 , which is independent of η. 
Microscale problem solutions and effective properties 400
We now put the theory summarized above to work on the two-scale problem defined in Section 2.
401
The first requirement is to obtain the microfluctuation functions N p (y) by solving the unit-cell 
where in addition A q = 0 for odd q. The computed amplitudes A q for even orders, up to an order 422 of four, are tabulated in Table 2 . Table 2 : Non-vanishing amplitudes Aq of the slow variation functions vq for the reference microstructure with circular particles and Gp/Gm = 20. 
with the amplitude A (K) given by
Note that this amplitude is scale-dependent, as a result of the fact that the individual functions v q 427 are multiplied by different orders of η in (21). For K = 0, however, we recover the conventional, to the reference solution as the level of contrast is increased. In the rigid-particle limit, the fourth- to accommodate the higher stiffness contrast between the matrix and the inclusions. Hence, as the stiffness of the particles reduces, the deformation induced by the body force inside 499 these particles increases. This is reflected in the trend shown by the reference solution. 
where F (x) can be the standard bisinusoidal function and ρ (x/η + ζ) denotes the realization of 508 the microstructure. F (x) is fixed in space and varies slowly, while ρ (x/η + ζ) varies at the scale 509 of the microstructure and shifts with it, bringing in the configuration-dependence. This, however,
510
deviates from the main goal of this work and is not further investigated here.
511
Figure 10: Comparison of the maximum homogenized displacement predicted by higher-order asymptotic homogenization and the numerically determined reference solution as a function of the contrast ratio Gp/Gm, for the reference case of circular particles at a scale ratio L/l = 2. Note that the shear modulus of the matrix Gm is kept constant, while that of the circular particles Gp is reduced gradually. The displacement amplitudes have been normalized by the classical, zeroth-order homogenized solution, ||v0||∞.
From Figure 10 , it can be observed that the classical homogenization has an error as high is plotted. It is given by
Note that a fine discretization is used for the solutions here to accommodate the high contrast in 
Conclusions
543
The aim of this work was to investigate the scale separation limit for homogenizing periodic 
571
• The accuracy of classical and higher-order homogenized solutions depends mildly on the 572 amount of stiffness contrast. For the particle-reinforced system considered here, the error 573 increases with stiffness contrast, until it becomes constant in the rigid-particle limit. For 
